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ABSTRACT 
Some parts of an earlier paper by the authors are revised and further developed. 
1. INTRODUCTION 
Let A, B, U E CnX”, A = diag(aj), B = diag(bj), U = (uj,) unitary, 
d = d( A, B, U) = det( A + UBUH), 
‘Z = g( A, B) = the convex hull of the z,‘s. 
Let us consider the following assertions: 
(1) d E 59’ (conjectured by Marcus [3] and de Oliveira [5]); 
(2) min, Re z, < Re d < max, Re z, [4, Theorem 21; 
(3) (1) holds if all the x,‘s are collinear [4, Theorem 31. 
Unfortunately the proof of (2) is wrong in [4]. (With the notation of [4], 
assume dF Hermitian; then Re(dt) = 0 for all skew-Hermitian S, and so the 
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proof collapses.) We have not been able to correct this proof. In j&l, (2) is 
rquivalent to (1); i.e., (1) is true for all A, B, U if and only if (2) i.s true f;x- all 
A, B, U. Whether they are true or not remains open. 
We will first (Section 2) show this equivalence. Thereafter (Section 3), we 
will salvage (3), which in [4] was proved using (2). Finally (Section 4), we will 
show that 
(4) (I) holds if at most two hi’s (or, respectively, cli’s) are unequal. 
This extends a result of Bebiano and Queiro [l]. 
2. PROOF OF (1) 0 (2) 
We have (1) 2 (2) trivially. To show (2) j (1) assume that (2) holds for 
all A, B, U, but that there exist A,, B,, U,, violating (1). Then there exists a 
straight line 1, going through cl,, = &A,,, B,,, U,) and not meeting %?,) = 
E’( A,), B,). Denoting by 8 the angle between the normal to 1, and 
the positive real axis, -the equation of 1, is Re(z - rE,)e~” = 0. Rotating l,, 
by - 8 around the origin, we obtain a vertical line 1, with equation Re(z - 
d,) = 0, where d, = d,e-“. Let A, = Aoe-ie/“, B, = B,e-“/“; then 
&A,, B,, U,,) = d, and E’, = %?(A,, B,) = LF,,e-ie (= {zepis 1 z E E’(;,}, 
obtained by rotating %Y(;, by - 8 around the origin). Now d, does not meet 
e,> and therefore, with the notation $ = zv(A,, B,), either Re d, < 
min, Re $ or Re d, > max ~ Re $, contradicting (2). Thus (2) a (1) is 
proved. 
Now, denoting by (2a) the first and by (2b) the second inequality in (2), it 
is easy to show that in fact (2a) CJ (2b) CJ (2) ti (1). We omit the proof. 
3. PROOF OF (3) 
Denote A = A( A, B) = {&A, B, LJ>lU unitary}. As in the proof of [4, 
Theorem 31, we see that A is a closed line segment if all the 2,‘s are 
collinear. If the endpoints of A are nonzero, we proceed as in [4]. If 
0 = <I( A, B, V) is an endpoint of A, then A + VBVH is singular, and so, by 
Drury and Cload [2], we have 0 E g = %?‘(A, B). Let z be the nonzero 
endpoint of A (the case A = (0) is trivial); then z E E’ (cf. [4]), and (3) 
follows. 
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4. PROOF OF (41 
It is well known [I, p. 261 that (1) is true if all but possibly one of the hi’s 
(or, respectively, a,‘~> are equal. We generalize this by showing (4). It is no 
restriction to write the assumption of (4) as follows: Let 1 < k < n, and let 
b, = b for 1 < j < k, b, = p for k + 1 < j < n. 
Denote N = { 1, . , n}, K = (1, . , k}, 1.1 = card, Nk = {J C N II]1 = 
k}. For J E Nk, denote rrl = (a E S, 1 (T(J) = K). Then every u E S, 
belongs to some rl. For all v E rrJ, we have the same 
By [4, Theorem 11, 
where 
n 
t, = sgn cr n ujn(jj det UH. 
j=l 
For all J E iVk, choose al E nl. Then, by the above; 
To prove that the last expression is a convex combination of the z,,‘s, it is 
enough to show that the coefficients of the z,]‘s are real and nonnegative. 
Denoting by UJK the submatrix of U with rows in J and columns in K, we 
have (cf. [4, pp. 351-3521) 
c t, = ldet U,K12 > 0. 
The proof of (4) is now complete. 
262 JORMA KAARLO MERIKOSKI AND AR1 VIRTANEN 
A part of this work was carried out by the second author during his visit 
at the Department of Mathematics and Statistics of McGill University in 
Montreal during the autumn of 1991. He wishes to thank McGill University 
and the Academy of Finland for jnancial arrangements, and Professors 
George P. H. Styan and S. W. Dray f or their hospitality and valuable 
discussions. Especially, we wish to thank Professor Druy for his note 
concerning the proof of [4, Theorem 21. 
REFERENCES 
1 N. Bebiano and J. Queirb, The determinant of the sum of two normal matrices 
with prescribed eigenvalues, Linear Algebra Appl. 71:23-28 (1985). 
2 S. W. Dnny and B. Cload, On the determinantal conjecture of Marcus and de 
Oliveira, Linear Algebra Appl., 177:105-109 (1992). 
3 M. Marcus, Derivations, Pliicker relations and the numerical range, Indiana 
Univ. Math. 1. 22:1137-1149 (1973). 
4 J. K. Merikoski and A. Virtanen, Some notes on de Oliveira’s determinantal 
conjecture, Linear Algebra AppZ. 121:345-352 (1989). 
5 G. N. de Oliveira, Research problem: Normal matrices, Linear and Multilinear 
Algebra 12:153-154 (1982). 
Receioed 7 April 1992; final manuscript accepted 22 July 1992 
